Using the covariant N = 2 harmonic supergraph techniques we calculate the one-loop low-energy effective action of N = 4 super-Yang-Mills theory in Coulomb branch with gauge group SU (2) spontaneously broken down to U (1). The full dependence of the lowenergy effective action on both the hypermultiplet and gauge fields is determined. The direct quantum calculation confirms the correctness of the exact N = 4 SYM low-energy effective action derived in hep-th/0111062 on the purely algebraic ground by invoking a hidden N = 2 supersymmetry which completes the manifest N = 2 one to N = 4. Our results provide an exhaustive solution to the problem of finding out the exact completely N = 4 supersymmetric low-energy effective action for the theory under consideration. 
Introduction
One of the remarkable features of N = 4 supersymmetric quantum Yang-Mills theory is the opportunity to obtain exact results. At present, one can distinguish at least three trends in finding out exact solutions to some important quantities in this theory. These are, first, the study of low-energy effective action, second, computing the correlators of gauge invariant operators, and, third, computing the expectation values of Wilson loops (see [1] - [3] for a review and references).
In this paper we solve the open problem of calculating the exact low-energy effective action depending on all fields of N = 4 gauge multiplet. Until recently, the well established exact results for leading low-energy contributions to the effective action were obtained for SU (2) , N = 4 SYM model in Coulomb branch [4, 5, 6] and only for the N = 2 gauge multiplet sector of the effective action. These contributions are presented by a non-holomorphic effective potential of the form Here W andW are the N = 2 U(1) gauge superfield strengths and Λ is an arbitrary scale. It was pointed out in [4, 8] that although the potential (1.1) was obtained in one-loop approximation, it receives neither perturbative nor non-perturbative corrections. Hence, the function H(W,W ) (1.1) determines the exact low-energy effective action in the N = 2 gauge field sector (to be more precise, the leading in external momenta part of the full effective action). A generalization of the effective potential (1.1) to the Coulomb branch of N = 4 SYM model with the gauge group SU(N) broken to its Cartan subgroup U(1) N −1 has been given in [8, 9, 10] (see also the review [1] ). Despite the fact that the one-loop non-holomorphic potential in this case looks quite analogous to (1.1), it was argued in [8, 11] that the effective potential can contain, in principle, some extra non-logarithmic contributions (begining at least with fifth loop [12] ) which do not have the product form (1.1). However, in the actual computations such contributions have never been found.
From the standpoint of N = 2 supersymmetry, the N = 4 gauge multiplet is a sum of N = 2 gauge multiplet and hypermultiplet. All the above mentioned results on the structure of non-holomorphic potential were obtained only for that part of the effective action which depends on the fields of N = 2 gauge multiplet. The problem of constructing the complete effective action depending on both the N = 2 gauge multiplet and hypermultiplet fields has been solved in a recent paper [13] . The construction of [13] is based upon the purely algebraic analysis exploring the existence of extra hidden on-shell N = 2 supersymmetry in N = 4 SYM theory formulated in N = 2 harmonic superspace [14, 15] . The manifest off-shell N = 2 supersymmetry and the hidden one constitute the full on-shell N = 4 supersymmetry of N = 4 SYM theory. It was shown that the potential (1.1), as well as its generalization to SU(N) model, can be completed to N = 4 supersymmetric form by adding the appropriate terms depending on hypermultiplet superfields. However, any non-logarithmic terms in the low-energy effective action do not admit such a completion and hence are ruled out by N = 4
supersymmetry. An open problem to remain was to re-derive the effective action of [13] by a direct supergraph computation in the quantum field theory framework. The present paper is devoted to solving this problem.
We specialize to the SU(2) N = 4 SYM model formulated in harmonic superspace and consider its Coulomb branch. Since the effective potential (1.1) is generated solely by one-loop contributions, the corresponding hypermultiplet-dependent terms also have to be evaluated only in the one-loop approximation. We would like to point out that such a calculation is a very non-trivial problem. We have to calculate not just a contribution of single supergraph with a few external legs but the contributions of the supergraphs with arbitrary numbers of external legs on a background of non-zero W andW and then to sum up all these contributions. We show that such calculations can be actually accomplished and the result yields just the effective action found in [13] . A similar approach is used to give a new derivation of the one-loop non-holomorphic effective W,W potential. As the result we are aware of the unified approach allowing us to compute the low-energy effective action in both the gauge multiplet and hypermultiplet sectors. The calculations are carried out within the N = 2 background field method [17] , with making use of the quantum N = 2 harmonic superfield techniques pioneered in [14] and further advanced in [12] , [16] - [21] .
The paper is organized as follows. In section 2 we recapitulate a formulation of N = 4 SYM theory in N = 2 harmonic superspace and describe a general structure of low-energy effective action in this theory. Section 3 presents details of calculating the hypermultipletdependent contributions to effective action. In section 4, using a similar approach, we perform a manifestly N = 2 supercovariant calculation of the non-holomorphic effective potential in the N = 2 gauge fields sector. The results are summarized in section 5.
2 N = 4 SYM theory in harmonic superspace and the problem of complete low-energy effective action
The 'microscopic' action of N = 4 SU(2) SYM theory written in N = 2 harmonic superspace [14, 15] reads
Here q
, is the hypermultiplet in the adjoint representation of the gauge group and W is the covariant strength of N = 2 analytic gauge superfield V ++ . This action (i) is manifestly N = 2 supersymmetric; (ii) possesses a second hidden N = 2 supersymmetry completing the first one to N = 4. The off-shell N = 4 transformations for the full nonabelian case can be found in [14, 15] . 2 For fixing the one-loop effective action it suffices to know them for the abelian U(1) components of W, q +a only (with all off-diagonal superfields neglected) and on the free mass shell for these U(1) superfields [13] :
Here q −a ≡ D −− q +a , where D −− is the second harmonic derivative. For calculating quantum corrections we use the background field method [17] . We start with carrying out background-quantum splitting by the rule q +a → q +a + Q +a ; V ++ → V ++ + gv ++ . Here q +a is a background hypermultiplet and Q +a a quantum one; V ++ is a background N = 2 gauge superfield and v ++ a quantum one. For our purpose it suffices to retain in the action (2.1) only terms of the second order in quantum superfields:
3)
The operator ⌢ 2 includes background N = 2 superfield strengths W,W, is defined to act in the adjoint representation of the gauge group and has the form [16, 19] :
The N = 4 SYM effective action in the Coulomb branch depends only on abelian background superfields W,W , q +a which can be chosen to be on [19, 13] . Taking into account these conditions and the fact that all superfields are in the adjoint representation, we have
The quantum fields v ++ with values in su(2) can be written as 6) where τ i are generators of su(2) related to Pauli matrices σ i as
They satisfy the relations
The procedure of calculation of quantum correction for the gauge group SU(N) broken to U(1) was developed in [19] . The background N = 2 strengths are expanded as W = W i τ i . We calculate the effective action in the Coulomb branch, in which it depends only on the background fields taking values in the unbroken u(1). The latter corresponds to the restriction W = W 3 τ 3 , further we denote W 3 as W . Our first aim will be to derive the action (and hence, vertices and propagators) for fields v Thus the quadratic part of the action can be expressed as
+ iv
Using (2.7), we can do all traces. After this the expression (2.9) is rewritten as
From (2.10) we conclude that only the components carrying indices 1,2 have a non-trivial background-dependent propagator, while the quantum superfield components with index 3 do not interact with the background, totally decouple from the action and possess the free propagators. Then we can define new complex quantum fields
As a result, the action (2.10) takes the form
It is convenient to rewrite the action (2.10) as
where
is the part that is used for defining propagators, and
is the interaction term. Dots in (2.12) stand for the quadratic action of the decoupling fields Q
which do not contribute to quantum corrections. It is worth mentioning that for calculation of the effective action in the pure N = 2 SYM sector one must also take into account the third ghosts [17] . Contributions of the third ghosts to effective action will be considered in Section 4. They do not contribute to the hypermultipletdependent quantum corrections computed in Section 3.
As the next step we introduce the operator
which is obtained from ⌢ 2 (2.4) by retaining in the latter only the superfields W,W associated with the unbroken u(1) and putting them on shell. Note that the action (2.13) is manifestly analytic like (2.3). As we shall see, while calculating the hypermultiplet-dependent contributions it suffices to consider only that part of 
It is worth pointing out that the gauge superfield propagator <χ ++ χ ++ > can be written in two equivalent forms [22, 15] . The form (2.16) is advantageous in that it is analytic with respect to both superspace arguments.
The exact one-loop non-holomorphic effective W,W potential in the model under consideration was found in [4, 5, 6] . The hypermultiplet-dependent part of the effective action was restored in the recent paper [13] . It was shown there by an algebraic analysis that the following expression
is invariant under the hidden N = 2 supersymmetry transformations (2.2) (and hence under N = 4 supersymmetry), if its hypermultiplet-dependent part has the form
This sum converges to
where Li 2 (X) is Euler dilogarithm [23] . Our main purpose will be to show that the expression (2.18), (2.20) can be directly derived from the quantum harmonic formalism by summing up the appropriate sequence of the one-loop harmonic supergraphs.
Hypermultiplet-dependent contributions to effective action
The one-loop hypermultiplet-dependent contributions to the effective action are presented by the following infinite sequence of supergraphs: Here the external and internal straight lines denote, respectively, external background hypermultiplets and quantum hypermultiplet propagators, and the wavy lines stand for the gauge superfield propagators. The numbers 1,2,. . . mark harmonic arguments of the external hypermultiplets and vertices. We note that the whole dependence of the corresponding contributions on the external gauge superfield strengths W,W is already accounted for by the backgrounddependent propagators (2.16). This prevents one from considering 'mixed' supergraphs with both N = 2 gauge and hypermultiplet external legs. It is enough to consider only the supergraphs shown above.
A generic supergraph with 2n external lines can be viewed as a ring consisting of n links of the form <η + η + >< χ ++χ++ > or n links of the form < η +η+ ><χ ++ χ ++ >. For external superfields slowly varying in space-time the total contribution of these two kinds of the 2n-point supergraph is given by the following general expression
Hereafter, the symbol ⌢ 2 stands for the operator defined by eq. (2.15). Since our aim consists in calculation of contribution depending only on q + , W,W but not on their derivatives we can omit all the derivative-depending terms in ⌢ 2. The factor 4/n has the following origin. The contribution from the ring-type supergraph composed of n repeating links <η + η + >< χ ++χ++ > appears with the symmetry factor 2/n. The same factor 2/n arises from the supergraph composed of n repeating links < η +η+ ><χ ++ χ ++ >. Further, each vertex brings the factor −i, every < η +η+ > and <χ ++ χ ++ > propagators contribute the factors i and i/2, respectively (hence total of n links contributes 2 −n ). Any vertex also carries the coefficient √ 2. This leads to the total factor 2 n . Putting all these contributions together, we obtain just the coefficient 4/n.
We calculate the expression (3.1) in the following way. It contains harmonic integrals of products of the expressions (D
. In every such term we use the identity (D
4 , integrate over u 2k+1 using the harmonic delta function and eventually obtain the block
with the operator ⌢ 2 given by (2.15). We carry out this replacement for all k except for k = n and, after some relabelling of harmonics (u 2k is relabelled as u k+1 , k = 1, 2 . . . n), we obtain
This general relation is applicable for any n.
For n > 1 one can achieve a further simplification in (3.3). We make use of the identity (3.2) one time more, relabel for convenience the indices (c for a, a for b, etc.) and integrate over u n+1 , after which (3.3) for n > 1 is reduced to the expression
Notice that we could arrive at the same result by using the alternative expression for the propagator of N = 2 gauge superfield:
This propagator, unlike (2.16) which is manifestly analytic in its both arguments, displays the manifest analyticity only with respect to (z 1 , u 1 ) . The analyticity with respect to the second argument follows only with taking into account the harmonic delta function [15] . It is appropriate here to note that the expression (3.4) obtained with using this 'short' form of propagator is ill-defined for n = 1. So the n = 1 case needs a special treatment. Indeed, on the one hand, at n = 1 the numerator in (3.4) is proportional to (D + (u 1 )) 4 δ 12 (z −z ′ )| z=z ′ which is zero. On the other hand, the denominator of (3.4) for n = 1 is (u . To obtain the correct result for the n = 1 contribution we should proceed from the expression (3.3) without reducing it to (3.4) . This amounts to keeping the N = 2 gauge superfield propagator in the manifestly analytic 'long' form (2.16). The necessity to use just the 'long' form of the propagator to avoid coincident harmonic singularities was emphasized in [22] .
The expression (3.3) for n = 1 is
Using the relation [17] (
one finds
Then one can take (D −− ) 2 off a delta function. Since we are interested in contributions depending only on q, W,W but not on their derivatives, at this step we can omit all the derivatives of the background strengths and replace ⌢ 2 by 2 + 2WW . As the result, the harmonic delta function becomes free of derivatives, and after integration over one set of harmonics (e.g. over u 2 ) one obtains
After performing Fourier transformation this correction can be written as
(3.10)
Doing the momenta integral, we finally cast it in the form
This expression precisely matches with the general result (2.18) -(2.20) obtained by invoking 'hidden' N = 2 supersymmetry [13] . Let us turn to the generic case of n > 1. Since we are interested in contributions which do not depend on space-time derivatives of background hypermultiplets, we can regard the latter to be space-time constants.
To simplify the expression (3.4), we proceed as follows. First, we represent q 
Then, integrating by parts and using the mass-shell condition D 
(3.14)
After substituting (3.14) in (3.12) we obtain
Then we take the factor (D
−−
2 ) 2 off the delta function. It is easy to see that this factor can give a non-vanishing result only when hitting (D + (u 2 )) 4 . Then we relabel u 2 ↔ u n in the second term in the square bracket in (3.15), after which it becomes identical to the first one. Doing integral over u 1 , we arrive at the following intermediate expression for Γ 2n
At the next step we repeat above procedure for q 
After k analogous steps, we have
Repeating the same procedure further, we can reduce the harmonic integral to that over three sets of harmonics, u, u ′ and u ′′ :
Then, using (3.2), we can reduce the number of spinor derivatives in the numerator by the relation
After this we once again effect the previous procedure by writing q on the harmonic factor. Repeating the same steps as above and using at the last step the relation (3.20), we can perform the u ′ -integration, thus arriving at the expression
Now we suppress all the derivative-depending terms in ⌢ 2 by replacing ⌢ 2 with 2+ 2WW . After this we use the identity (3.7). We find
The last step is to rewrite q
Then we throw D −− u on q + c (u), integrate over u ′′ and perform the Fourier transformation. The expression for the contribution of 2n-th order in hypermultiplets which we obtain at this step is as follows
Since (in Minkowski space) 24) we find the final expression in the form
This expression precisely coincides with the result (2.18) -(2.20) obtained from the requirement of N = 4 supersymmetry. This expression can be represented as
(note that in the central basis of N = 2 harmonic superspace the hypermultiplet superfields are expressed on shell as q ± a = q ia (z)u ± i , and so X and Γ 2n do not depend on harmonics [13] ). The result for n = 1, eq. (3.11), is also incorporated by the general expression (3.26).
Thus the total one-loop effective action in the hypermultiplet sector explicitly computed using the harmonic supergraph techniques is given by the expression (2.18) -(2.20) anticipated on the N = 4 supersymmetry ground in [13] . Combined with the non-holomorphic effective potential, it provides the exact N = 4 supersymmetric low-energy N = 4 SYM effective action (2.17) [13] . Here we demonstrate that the techniques developed in section 3 are equally applicable to calculating the non-holomorphic effective potential (1.1), with taking into account some specific features of this problem. The calculation is carried out entirely within the N = 2 harmonic superfield formalism, with preserving manifest N = 2 supersymmetry.
3
To compute the one-loop low-energy effective action of W,W in the N = 2 harmonic background field method, we again make the splitting V ++ → V ++ + gv ++ in (2.1), with V ++ being a background field and v ++ a quantum one. This part of the full effective action of the theory under consideration is determined by the contributions from the pure N = 2 SYM sector, hypermultiplet sector, Faddeev-Popov (FP) ghosts and third ghosts. However, the contributions from the hypermultiplet and FP ghost sectors in the one-loop approximation are known to exactly cancel each other [10] (see also [6] ). The reason for this cancellation is as follows. It was shown in [17] that the action of FP ghosts (with choosing the backgroundgauge covariant version of Fermi gauge for the quantum superfields v ++ ) has the same form as the action of massless hypermultiplet in the adjoint representation. The N = 4 SYM theory is N = 2 SYM plus a hypermultiplet in adjoint representation. So the contribution of FP ghosts to N = 4 SYM one-loop effective action is equal to that of hypermultiplets taken with the opposite sign (hypermultiplets are bosons, while FP ghosts are fermions). Therefore, that part of the full one-loop effective action which depends only on N = 2 gauge superfields is constituted by contributions from the pure N = 2 SYM sector and the third ghosts sector. The general form of this part of the one-loop effective action was found in [5, 6, 10] :
Here the symbol T r means both the functional trace and the one with respect to matrix indices. The operator ⌢ 2 is given by the on-shell expression (2.15), with W,W being matrices which take values in the Cartan subalgebra of su(2). The exact matrix structure of this operator will be explored further. For our calculation in this Section it will be important that ⌢ 2 includes both the WW and derivative-depending terms. First contribution in (4.1) originates from the N = 2 SYM sector, and the second one is determined by the third ghosts ρ (+4) , σ [6] . The propagator of these ghosts reads [6] 
where G (0,0) is the propagator of an uncharged analytic superfield ω [6] . The precise form of G (0,0) will be of no need for our further purposes. Let us consider a theory of uncharged analytic superfield σ with the action
This theory leads to the same Green function (4.2) and hence to the same contribution to the effective action (4.1). Therefore the action (4.3) can be treated as an alternative form of the action of third ghosts. It will prove to be more convenient for our purposes. Hereafter, the symbol 'tr' denotes trace over matrix indices only. Thus the quadratic action of quantum superfields is given by
As the next important step, we separate v ++ in the two orthogonal projections
The corresponding projecting operator is given in [20] and it is a covariantization of the analogous operator introduced in [14, 15] . The covariantized projecting operator Π (2,2) T (1, 2) is defined by the expression
and preserves the analyticity and the harmonic constraint in (4.6). 4 Its explicit form can be found in [20] .
After splitting v ++ as in (4.5), the action (4.4) can be rewritten as
We see that ξ is a boson, while σ is a fermion and they have the same actions. Clearly, their contributions to the one-loop effective action are equal up to the sign and hence cancel each other. Therefore it is sufficient to consider only the following part of the quadratic action:
Further, quantum fields v
with values in su(2) can be written in the form (2.6) where τ i are generators of su(2) related to Pauli matrices σ i by (2.7). They satisfy the relations (2.8). The background N = 2 superfields are expanded as W = W i τ i . We calculate the effective action with the background superfields taking values in the unbroken u(1). This corresponds to the restriction W = W 3 τ 3 . As before, we denote W 3 by W .
The quadratic action of quantum superfields for the given background can be read off from (2.13), with the background hypermultiplets being put equal to zero:
The one-loop effective action corresponding to (4.10) is [20] 11) where the symbol T r T means that the trace is taken over subspace of the analytic superfields v is given by the expression (2.15). Eq. (4.11) leads to the following expression for the one-loop effective action [20] :
The projector Π 
Therefore the one-loop effective action is
Let us consider the general structure of the quantum corrections. We substitute the expression ⌢ 2= 2 + 2WW + R in (4.14) and obtain 15) where
Note that the expression (4.15) is free of the harmonic singularities since it does not contain harmonic delta functions which could lead, in principle, to appearance of such singularities in harmonic supergraphs. To find the effective action, we expand (4.15) in power series with respect to R, i.e. spinor derivatives of W,W
(4.17)
We obtain
We observe that the first term in (4.18), i.e. the one containing ln(2 + 2WW ) carries only four spinor derivatives coming from (D + ) 4 . On the other hand, shrinking any θ loop into a point in θ-space by the rule (3.7) requires the presence of at least eight spinor derivatives. Hence, the first term in (4.18) cannot give contribution to the non-holomorphic effective potential.
The expansion of Γ (1) given by (4.18) with the first term omitted can be represented by a sequence of harmonic supergraphs. Each supergraph is a ring with n vertices and n internal lines. The internal lines are represented by the propagators (2 + 2WW ) 4 from (4.18) and n D − factors, each being associated with each of n vertices.
Our aim is to calculate the contribution to the nonholomorphic effective potential which has the form d 12 zduF (W,W ), with F (W,W ) being some function of the background strengths W,W , but not of their derivatives. We can rewrite this contribution as an integral over the analytic harmonic subspace by the rule
This representation shows that the contribution to the nonholomorphic effective potential rewritten as an integral over the analytic subspace contains exactly two chiral derivatives and two antichiral ones acting on the background W,W . To extract such corrections we must represent all vertices but one as integrals over d 12 z, and keep one vertex in the form of integral over dζ (−4) . From (4.18) we can derive that the contribution of an arbitrary supergraph with n = a + b vertices, a vertices containing DW and b vertices containingDW , is proportional to the expression
Since for obtaining the contribution to nonholomorphic effective potential we must keep only the terms containing four supercovariant derivatives on W,W (two chiral and two antichiral ones), we are led to specialize to the case of a = b = 2. For a, b > 2 we would obtain contributions which remain to be derivative-dependent after representing them as integrals over d 12 z. For a, b < 2 we would have not enough D-factors to shrink a θ-loop into a point. Therefore the only terms in the expansion of ln ⌢ 2 which can be relevant for our purpose are those of the second order in both DW andDW . There is only one such term in the expansion of ln ⌢ 2. It is the n = 4 term the explicit form of which is
The coefficient −1/16 arose due to −1/4 from the expansion of logarithm and the factor (1/ √ 2) 4 . The coefficient 6 appeared from the binomial expansion i(
Here and in (4.21) dots stand for terms giving zero trace.
After keeping only the n = 4 term (4.21) in Γ (1) , eq. (4.18), the latter can be represented by a four-point supergraph of the form
Here external legs represent derivatives of superfield strengths, while bold internal lines stand for the "free" propagators Finally, we pass to the integration over the full harmonic superspace, dζ
12 zdu 1 , and take into account that the u 1 integral in (4.31) can be taken away because the integrand does not depend on harmonics. Hence we finally obtain the complete one-loop non-holomorphic effective potential just in the form (1.1) given in [4, 5, 6] .
We conclude that the non-holomorphic potential of W,W , like the hypermultiplet-dependent part of the full effective action, can be self-consistently derived in the framework of the quantum harmonic superspace approach.
Summary
To summarize, in this paper we addressed the problem of calculating N = 4 supersymmetric low-energy effective action of N = 4 SU(2) SYM theory in the Coulomb branch formulated in harmonic superspace as N = 2 SYM theory coupled to the hypermultiplet in adjoint representation of gauge group. We have developed a universal procedure of computing both the hypermultiplet-dependent and purely N = 2 SYM parts of the effective action, based on the covariant harmonic supergraph techniques ensuring a manifest N = 2 supersymmetry at every stage of calculation. The directly computed hypermultiplet part of the effective action was proved to coincide with the expression found earlier in [13] by invoking the requirement of hidden N = 2 supersymmetry which completes the manifest N = 2 one to the full N = 4 supersymmetry. Thus the direct quantum computation reproduces the effective Lagrangian found in [13] . Also, we demonstrated that the same N = 2 covariant harmonic supergraph techniques allow one to derive the non-holomorphic W,W potential. We conclude that our approach sets up a generic manifestly N = 2 supersymmetric framework for analysing the dependence of the full low-energy effective action of N = 4 SYM theory on all fields of N = 4 gauge multiplet. The results of [13] and this paper can be regarded as providing the ultimate solution to the problem of constructing the manifestly N = 2 supersymmetric exact low-energy effective action in N = 4 SYM theory. Whereas we considered here the simplest case of the gauge group SU(2), it is straightforward to extend our study to the general case of gauge group SU(N) broken down to U(1) N −1 . It would be interesting to find, using both the quantum and algebraic methods, the full N = 4 supersymmetric form of some subleading W,W terms in the effective action of N = 4 SYM theory, e.g. of those studied in [18, 19] . This could provide further checks of the supergravity/super Yang-Mills correspondence and be of direct relevance to the closely related problem of constructing N = 4 superconformally invariant extension of the Dirac-Born-Infeld theory in N = 2 superfield formulation [24] .
